Abstract. A brand new way to characterize a finite simple group is discovered. Some infinite sequences of non abelian simple groups have turned out to be determined just by each set of orders of solvable subgroups. The set of orders of solvable subgroups of the alternating group A_{5} of degree 5 is {1, 2, 3, 4, 5, 6, 10, 12}. But it is not very easy to see that no other non abelian simple group has such a set as above. In this paper we will study the problem above for any finite simple group.
Introduction
Five kinds of infinite sequences of finite simple groups A_{1}(q) , 2B_{2}(q) , 3D_{4}(q) , G_{2}(q)2G_{2}(q) are shown to be able to be determined just by each set of orders of solvable subgroups as described in the main theorem as follows.
Theorem 1 Let S be one of the following non abelian fifinite simple groups A_{1}(q) , Sz(q) , 3D_{4}(q) , G_{2}(q) , 2G_{2}(q) .
For a fifinite group G , if the set ord(S_{sol}(G)) of orders of solvable subgroups of G coincides with ord(S_{sol}(S))_{Z} then G is isomorphic to S .
We can regard this theorem as a kind of characterization of non abelian finite simple groups by a set of integers which is determined by two abstract parameter "taking order" and "being solvable" The origin of this consideration is in Thompson conjecture as follows. 
M(G) coincides with M(S) . Then is G isomorphic to S ?
It is clear that the set N(G) is a set of integers which is determined by two abstract parameters "index" and "realized as a centralizer of an element" and that M(G) is determined by "order" and "cyclic" These problems are partially solved by using prime graphs which we regard as graphs determined by the set of orders of cyclic subgroups of the group or by the set of indices of centralizers of each element. Now it seems natural to try to seek new couples of parameters instead of "order and cyclic" in order to get another set of integers which would reflect the properties of the group more clearly. Therefore we are going to show an outline of the generalization of prime graphs with some examples, paraphrase of a Thompson conjecture and that of the related problem in the same way as the generalization of the prime graphs and known results of these problems. We will also show a generalized form of a Thompson conjecture. See [1] Now since the image \rho(S---(G)) of \rho is a set of natural numbers, we can define the \rho(S_{-}--(G)) -graph for this set. We call it the (\rho,---) -graph of G or simply the-\cup--graph of G denoted by
According to the rules above, we can regard the prime graph \Gamma(G) as a kind of If the number of connected components of \Gamma_{(ord,cyc)}(S) is more than 2, then G is isomorphic to S . Problem 3 Assume that ord(S\underline{=}_{cyc}(S)) coincides with ord(S\underline{=}_{cyc}(G)) .
Then is G isomorphic to S ?
The problem above for two infinite sequences of non abelian simple groups are answered by the following theorem.
Theorem 3 (Shi-Deng) Let S the simple group S be one of Sz(q) , PSL_{2}(q)(q\neq 9) . If ord(S_{cyc}(S)) coincides with ord(S_{cyc}(G)) , then G is isomorphic to S . Now we have come to the level of generalizing all these problems as follows.
Problem 4 (Abe-Iiyori) For which pair (\rho, -), does the fact \rho(S\underline{=}(S))= \rho(S---(G)) imply that G is isomorphic to S ?
We get the main theorem as an answer to the question which is described by the following problem.
Problem 5 Let S be a non abelian simple group and G a finite group. Assume that ord(S_{sol}(S)) coincides with ord(S_{sol}(G)) . Then is G isomorphic to S ?
GKS-series and Regular Primes
We already have several theorems which stand for properties of solvable graphs. See Abe-Iiyori [1] . But such theorems are not enough to investigate the structure of the group. Now we need propositions that would combine the properties of a solvable graph and the structure of the group. The following lemmas provide what we need. such that both G/N and M are \{p, q\}' -groups and N/M is a non abelian simple group such that p and q are not joined in \Gamma_{(ord,sol)}(N/M) .
Theorem A [11] shows that for a finite group G , if the number of connected components of \Gamma_{(ord,cyc)}(G) is more than one, then G has a series which contains 2. We call (*0) the Gruenburg-Kegel series of G . Hence we call the series (*) of normal subgroups of G the GKS series of G to emphasize that the series is derived from the solvable graph and also call the situation in Lemma 2 that p and q are expressed to be disjoint by a GKS-series (*) . In order to get deeper information about the structure of G , we need GKS-series which holds every pair of primes in \pi(G) . Therefore we will give special attention to a prime which is joined to any other prime of the graph, which we call a regular prime.
Definition 2 Let p be a vertex of the \Gamma_{(\rho,-)}--(G) for a group G. p is said to be regular if and only if p is joined to any other vertices in the graph.
We denote the set of regular primes by Reg_{(\rho^{\underline{=}})},(G) . The following lemmas tell us that the number of Reg_{(ord,sol)}(G) is closely related to the structure of G .
For example, 2, 3 and 5 are regular primes in \Gamma_{(ind,\max)}(M_{22}) , and we can see that each of \Gamma_{(ord,cyc)}(M_{22}) and \Gamma_{(ord,sol)}(M_{22}) has no regular prime, that is, Reg( ind,\max)(M_{22})=\{2,3,5\} , and Reg_{(ord,cyc)}(M_{22})=Reg_{(ord,sol)}(M_{22})=\emptyset .
Lemma 3 If
Reg_{(ord,sol)}(G)=\emptyset , then G is a non abelian simple group.
Proof. Assume that \Gamma_{(ord,sol)}(G) has no regular prime. Then there exists at least one pair of disjoint primes in \pi(G) . Hence we can consider a GKS- Note that p and q are contained in a connected component of the complementary graph \Gamma^{rc}(G) . Consider the situation that another pair \{r, s\} is expressed to be disjoint by a GKS-series G\underline{\triangleright}N_{2}\underline{\triangleright}M_{2}\underline{\triangleright}1 . (*2) . Then \{r, s\} is possible to be contained in \pi(M_{1}) , \pi(N_{1}/M_{1}) or \pi(G/N_{1}) . If r, s\not\in\pi(N_{1}/M_{1}) , then \{r, s\} is not contained in a connected component which contains \{p, q\} by Lemma 1. Hence we need the series (*2) to be different from (*1) . If r, s\in\pi(N_{1}/M_{1}) , then \{p, q\} and \{r, s\} share the series (*1) . The proof is complete. 
Proof of the Main Theorem
Five kinds of infinite sequences of non abelian simple groups are discussed in the main theorem. We will offer proofs just for two sequences of groups, that is 3D_{4}(q) and Sz(q) Proof. First of all we need information about the structure of subgroups of 3D_{4}(q) in order to draw \Gamma_{(ord,sol)}(S) . Every maximal subgroup of S is isomorphic to one of the following (Kleidmann [8] ); (1) [q^{9}]
q_{0}^{\alpha}=q , \alpha\neq 3 , \alpha is a prime (6) L_{2}(q^{3})\cross L_{2}(q) (7) (SL_{2}(q^{3})\circ SL_{2}(q)).2 (8) (Z_{q^{2}+q+1}oSL_{3}(q)) : f_{+}.2 (9) (Z_{q^{2}-q+1}oSU_{3}(q)) : f_{-}.2 (10) (Z_{q^{2}+q+1})^{2}.SL_{2}(3) (11) (Z_{q^{2}-q+1})^{2}.SL_{2} (3) (12) (Z_{q^{4}-q^{2}+1}) : 4
Then we get a rough figure of \Gamma_{(ord,sol)}(S) as follows:
This graph shows that 2 is the only regular prime and \Gamma^{rc}(G) is connected. Hence Lemma 2 implies that only one GKS-series G\underline{\triangleright}N\underline{\triangleright}M\underline{\triangleright}1 can express any pair of two vertices of \Gamma_{(ord,sol)}(G) to be disjoined. The fact that 2 is the only regular prime also shows that both G/N and M are 2-groups. Moreover the product of orders of these two groups are at most 4, i.e., |G/N||M||4 by the following reason. In fact, since both G/N and M are 2-groups, the order of N has to be divided by q^{4}-q^{2}+1 . For any prime r which divides q^{4}-q^{2}+1 , take a Sylow r-subgroup R of N . By Frattini argument, G=NNc(R) . Let Q be a Sylow 2-subgroup of N_{G}(R) . Then MQR is also a subgroup of G whose order divides 4(q^{4}-q^{2}+1) . In fact let any H be a solvable subgroup of G whose order is not coprime to q^{4}-q^{2}+1 . Suppose the 2-part of the order of H exceeds 4, then S should contain a corresponding solvable subgroup of the same order. This contradicts the maximality of Z_{q^{4}-q^{2}+1}, 4 . Hence |G/N||M| does not exceed |QM| . Now we know that N/M is a non abelian simple group whose order is possible to be |S| , |S|/2 or |S|/4 . If |N/M|=|S| , then N/M is forced to be isomorphic to S by Artin's theorem and the proof will be complete. Hence we will terminate the possibilities that N/M is not isomorphic to S in the latter two cases.
The case: N/M is a classical group. Suppose that N/M is isomorphic to A_{n}(q_{0}) for some integer n\geq 2 and for a power q_{0} of a prime p_{0} . Then the order of N/M is q_{0}^{n(n+1)/2} \prod_{i=1}^{n}(q_{0}^{i+1}-1) (n+1, q_{0}-1)^{-1} and this should coincide with |S|=q^{12}(q^{8}+q^{4}+1)(q^{6}-1)(q^{2}-1)/f where f is 2 or 4.
Let a positive integer \alpha be factored into distinct prime power factors as follows:
\alpha=p_{1}^{e_{1}}p_{2}^{e_{2}}
. p_{r}^{e_{r}} for some positive integers e_{i} and r . We define mpf(\alpha) to be the maximum value of the set \{p_{i}^{e_{i}}|1\leq i\leq r\} . We will compare mpf(|N/M|) and mpf (|S|) . See the case n=2 for |N/M| namely A_{n}(q_{0})=A_{2}(q_{0}) whose order equals q_{0}^{3}h_{3}(q_{0})(q_{0}+1)(q_{0}-1)^{2} (see for the definition of h_{n}(q) for a positive integer n and for q ). It is clear to see that h_{3}(q_{0}) is coprime to q_{0} and less than q_{0}^{3} and so is (q_{0}+1)(q_{0}-1)^{2} , too. Hence mpf(|A_{2}(q_{0})|)=q_{0}^{3} . We will show that mpf(|A_{n}(q_{0})|)=q_{0}^{n(n+1)/2} (n>1) by induction on n. Compare (|A_{n+1}(q_{0})|/|A_{n}(q_{0})|)_{q0}=q_{0}^{n+1} and (|A_{n+1}(q_{0})|/|A_{n}(q_{0})|)_{q_{\acute{0}}}=q_{0}^{n+2} -1, and consider the following two cases (i) where \epsilon is 0, 1 or 2. Since 12 (3s -t)=-\epsilon , we get \epsilon=0 , t=3s and the following: |N/M|=p^{36s}(p^{12s}-1)(p^{9s}+1)(p^{8s}-1)(p^{6s}-1)(p^{5s}+1)(p^{2s}-1) and |S|=p^{36s}(p^{24s}+p^{12s}+1)(p^{18s}-1) (p^{6s}-1) . Comparing the orders of these groups, h_{36s}(p) should divide |S| but does not divide |N/M| . This contradicts the equality of these two orders.
Artin's theorem on the orders of finite simple groups forces G=N/M to be isomorphic to 3D_{4}(q) by the equality of orders of these two groups. The possibility for N/M to be isomorphic to another exceptional simple group of Lie type would be terminated in the same manner.
It is easy to terminate the possibility for N/M to be isomorphic to an alternating group or a sporadic simple group. Therefore G is isomorphic to S .
\square Proposition 2 Let S be isomorphic to Sz(q)(q=2^{2m+1}) for a positive integer m and G be a fifinite group. If ord(S_{sol}(G)) coincides with ord(S_{sol}(G)) , then G is isomorphic to S .
Proof. We need information about the structure of subgroups of Sz(q) in order to draw \Gamma_{(ord,sol)}(S) . Every maximal subgroup of S is isomorphic to one of the following (Suzuki [9] ); Then we get \Gamma_{(ord,sol)}(S) as follows:
\pi(q+ \sqrt{2q}+1)
It is clear that the only regular prime is 2 and the number of connected components of \Gamma^{rc}(G) is one. Since \pi(q+\sqrt{2q}+1) , \pi(q-\sqrt{2q}+1) and \pi(q-1) are coprime to once among. Therefore any disjoined pair of vertices of this graph can be expressed by only one GKS-series. Fix G\underline{\triangleright}N\underline{\triangleright}M\underline{\triangleright}1 as mentioned one. N/M is forced to be isomorphic to Sz(2^{2m_{0}+1}) for a positive integer m_{0} since 3 does not divide |N/M| . Comparing 2' -part of |Sz(2^{2m+1})| and that of |Sz(2^{2m+1})| , then h_{2m+1} (2) has to coincide with h_{2m_{0}+1} (2) , namely m_{0}=m . Hence, Artin's theorem on the orders of finite simple groups terminates this case. Therefore G should be isomorphic to S. 
